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The generation of light beams carrying orbital angular momentum (OAM) from a free-electron
laser at short wavelengths has attracted considerable attention as a key resource in several fields
and applications. Herein, we present a facile method to generate intense and coherent OAM beams
from an X-ray free-electron laser oscillator (XFELO). We use the Bragg crystal as both a reflector
as well as mode selector, in both longitudinal and transverse modes, which enables the specified
resonance deviation that maximizes the single-pass gain of the high-order OAM mode of interest.
This can allow the amplification and saturation of OAM beams in a typical XFELO configuration.
Our results show that 150 µJ fully coherent, hard-X-ray pulses carrying first-order OAM can be
generated without utilizing any external elements such as optical mode converters or elliptically
polarized undulators. This simple and straightforward method can pave the way for the further
customization of the transverse-mode operation of X-ray free-electron laser oscillators.
PACS numbers: 41.60.Cr
Over the past few decades, the generation and applica-
tion of custom light fields with structured intensity, po-
larization, and phase have attracted significant interest
from researchers [1–3]. In particular, light beams with
a spatial phase dependence of exp(ilφ), where φ denotes
the azimuthal coordinate and l an integer referred to as
the topological charge (order) [4], carry orbital angular
momentum (OAM), which is currently one of the most
intensively studied topics in optics. In this regard, OAM
beams in the visible- and infrared-wavelength regimes
have already been utilized in diverse areas of applica-
tions such as micro-manipulation, quantum information,
and optical data transmission [2]. In the X-ray regime,
the use of OAM beams can enable the direct alteration
of atomic states through OAM exchange[5] and facilitate
the development of new methods to study the quadrupo-
lar transitions of materials [6]. However, the practical
applications of X-ray beams with OAM are currently lim-
ited owing to the lack of suitable optics and the difficul-
ties of realizing practical coherent light sources.
In general, it is common to generate OAM beams by
inserting optical elements [7, 8] such as programmable
spatial light modulators, stepped phase plates, and spi-
ral Fresnel zone plates into the propagation path of light.
However, these direct optical manipulation approaches
may not be practical or available for application to mod-
ern X-ray free-electron lasers (XFELs) [9–15], which are
currently the brightest source of X-rays for scientific ap-
plications. The XFEL can operate in a high-gain mode
typically referred to as self-amplified spontaneous emis-
sion and a low-gain mode referred to as the oscillator
mode. In this context, researchers have studied and
proposed several methods and techniques for generat-
ing OAM beams in a high-gain XFEL [16–20]. One
such practicable technique involves higher-harmonic X-
ray emission from a helical undulator [21]. This ap-
proach is recommended for application in the afterburner
scheme [19], in which the helical undulator follows a long
section of inversely tapered undulators. These inversely
tapered undulators serve as electron bunchers operating
at a harmonic resonance frequency of the helical undu-
lators. In the following helical undulators, the bunched
electron beam can emit intense harmonic radiation car-
rying OAM. However, external spectral filters or other
techniques are required to separate OAM beams from
the mixed radiation because the fundamental radiation is
emitted predominantly in the helical undulators as well.
Meanwhile, in a high-gain seeded XFEL, a practicable
approach for producing OAM beams is to use a helically
bunched beam [18]. In this approach, the electron beam
is first helically bunched by means of harmonic energy
modulation followed by density modulation and is then
sent into a long planar undulator operating at the funda-
mental resonance frequency. However, this scheme may
fail at short wavelengths as it requires a harmonic modu-
lation process, for which an intense seed laser is required.
Meanwhile, X-ray free-electron laser oscillators (XFE-
LOs) are low-gain devices that can produce intense, fully
coherent hard X-rays [22–24]. In an XFELO, the X-ray
pulses circulate in a low-loss optical cavity formed by
multiple Bragg-reflecting crystals. In general, XFELO
pulses with the OAM state can be generated by control-
ling the gain and cavity loss of each transverse mode.
Therefore, generating OAM beams via harmonic amplifi-
cation in a helical undulator is possible with an XFELO.
However, the setup for harmonic amplification is complex
in multi-pass facilities, and no practical helical undula-
tor has been realized for short-wavelength free-electron
lasers. Meanwhile, other methods for generating OAM
beams focus on the suppression of the fundamental Gaus-
sian mode by increasing the cavity loss. In such methods,
instead of direct manipulation optical elements, an am-
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FIG. 1. Scheme to generate X-ray orbital angular momentum
(OAM) beams by using X-ray free-electron laser oscillator.
plitude mask is used to realize OAM X-ray beams [25–
27]. However, the fabrication of high-precision amplitude
masks may be difficult. Additionally, this approach is
operation-wavelength-dependent as the diffraction effect
varies with the X-ray wavelength.
Against this backdrop, herein, we present a novel
and highly flexible method that essentially facilitates the
preservation of OAM beam amplification at the funda-
mental wavelength and avoids the need for external op-
tical elements. The schematic of our method is shown
in Fig. 1. The method is very simple as it requires only
the adjustment of the resonant condition of XFELO op-
eration. The key element is the Bragg mirrors, which
reflect X-rays via Bragg reflection with nearly 99% re-
flectivity within a relative spectrum width of approxi-
mately 1×10−6 [28]. The method is based on the impor-
tant fact that the resonant condition for each transverse
mode is slightly different. As a result, the gain profile of
each transverse mode is shifted over the spectrum. The
combined effect is that XFELOs can operate in a spe-
cific spectral regime wherein the radiation in a high-order
transverse mode can be obtained at maximum gain. Be-
cause the laser saturation state is only governed by the
gain and cavity loss, this effect enables XFELOs to select
transverse modes that carry OAM. This approach signif-
icantly reduces the number of electron-beam-control ele-
ments and the total number of external optical elements,
thereby significant increasing the optical efficiency.
To derive a mode capable of conforming with the
XFELO OAM selection rules, we start with the
Laguerre–Gaussian (LG) modes that can possess arbi-
trary OAM [4]. With the LG basis modes, the trans-
versely dominated FEL radiation fields can be described
as E(r, φ, z) =
∑
ap,lup,l(r, φ, z) exp(ikz), where up,l can
be expressed as
up,l(r, φ, z) =
Cp,l
w(z)
(
r
√
2
w(z)
)|l|
L|l|p
[
2r2
w2(z)
]
× exp
[ −r2
w2(z)
]
exp
[ −ikr2z
2 (z2 + z2R)
]
exp(−ilφ)
× exp
[
i(2p+ l + 1) tan−1
z
zR
]
(1)
in which Cp,l =
√
2p!/pi(p+ |l|)! denotes a re-
quired normalization constant and Llp(x) =
∑p
j=0(p +
l)!(−x)j/j!(p− j)!(l+ j)! is an associated Laguerre poly-
nomial. Parameters p and l describe an array of unique
modes, where l denotes any real integer for the azimuthal
mode and p is zero or any positive integer for the radial
mode. Additionally, zR = piw
2
0/λ denotes the Rayleigh
length with wavelength λ and beam waist w0, and the
spot size parameter along the beam propagation is given
by w(z) = w0(z
2/z2R + 1)
1/2. These optical parameters
are governed by the cavity length and focusing-element
configuration. Without special requirements, w0 is de-
signed to be located at the undulator center.
In a low-gain device, the single-pass gain related to
FEL amplification in the undulator is proportional to the
overlap area between the electron beam and the radiation
field. Thus, the so-called ”filling factor” can be used
to scale the gain value and, thus, to avoid solving the
full equation for each expansion mode. The procedure
outlined in Ref. [16] can be applied to the high-order
LG modes. With a dimensionless electron beam density
profile f(r, φ), the spatial mode coupling coefficient for
any LG mode can be expressed as
Fl,p;l′,p′ =
∫∫
f(r, φ)up′,l′(r, φ)u ∗p,l (r, φ)rdφdr∫∫ |up,l(r, φ)|2 rdφdr . (2)
We consider only the higher azimuthal modes with
the lowest-order radial mode p = 0; otherwise, modes
of p > 1 would cascade down toward the fundamental ra-
dial mode with p = 0 owing to the non-zero coupling effi-
ciency between each radial mode [16]. Thus, the coupling
coefficient can be simplified as Fl;l′ without the radial
mode, and Fl;l then denotes the commonly used filling
factor [29, 30]. In a realistic scenario, the Gaussian elec-
tron beam transverse density profile can be expressed as
f(r, φ) = exp(−r2/r20), where r0 denotes the transverse
radius. Consequently, Fl;l′ can be integrated via Gaus-
sian integrals as
Fl;l′ = δll′
(
x2
1 + x2
)|l|+1
(3)
where x =
√
2r0/w is defined as the normalized electron
beam radius. Parameter δll′ indicates that all the az-
imuthal modes are not coupled together, with an axisym-
metric electron beam transverse profile. For convenience,
the filling factor, Fl;l, is normalized by F0;0. Fig. 2 (a)
illustrates the normalized filling factor as a function of
the electron beam size and the mode order l.
The intensities of the modes with |l| > 0 vanish on-axis,
and the trend increases with increase in l. Therefore, the
coupling factor between the electron beams and radiation
decreases with l, as can be observed in Fig. 2 (a). For any
radial size, the Gaussian mode corresponding to l = 0 is
found to yield the largest coupling factor when compared
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FIG. 2. Plot (a) shows the variation in the normalized filling
factor Fl,l for several azimuthal modes l. Plot (b) shows the
single-pass gain for different azimuthal modes l. The maxi-
mum gain of the Gaussian mode is normalized to one. For
individual LG modes, the gain is scaled by the ratio of the
filling factor and shifted by an amount equal to the differ-
ence in the resonant wavelength. The purple line in plot (b)
indicates the reflectivity of the Bragg mirror.
with those of the other azimuthal modes. This explains
why X-ray pulses generated in the XFELO are limited to
the Gaussian mode. In the case of larger electron beam
sizes, Fl;l increases and approaches unity, which means
that radiation with |l| > 0 can be amplified more equally
in the interaction with the electron beam. Hence, an
electron beam with a large radial size is preferred for the
amplification of the high-order OAM mode.
However, there is a trade-off between the coupling effi-
ciency and the single-pass gain. The single-pass gain can
be approximated as
Gl ≈ 4pi
2e2N3uλ
2
uK
2[JJ ]2
γ3mc2
neFl,l ·
[
2− 2 cos ν − ν sin ν
ν3
]
(4)
where
[JJ ] ≡ J0
(
K2
4 + 2K2
)
− J1
(
K2
4 + 2K2
)
, (5)
ne = I/ecAe, Ae =
∫∫
f(r, φ)drdφ, (6)
where Ae denotes the electron beam area [29]. In the
above equations, Nu denotes the number of undulator
periods, K is the undulator parameter, λu is the length
of the undulator periods, I is the current, c is the speed of
light, γ is the electron energy, m is the rest mass of the
electron, and ν is the resonant deviation. From Eq. 4,
we can infer that a large single-pass gain corresponds
to a large electron density ne resulting from a small x
value. In practice, x2 = |l| + 1 is a good approximation
when one of the high-order azimuthal modes is selected
for amplification [31].
In Eq. 1, the extra phase term (2p+ |l|+1) tan−1 z/zR,
which refers to the Gouy phase, is associated with mode
order l. The presence of the Gouy phase results in a
difference in the phase velocity. Thus, the phase of the
ponderomotive potential in the FEL equations is asso-
ciated with the individual LG modes, which means that
the FEL resonant wavelength is slightly different for each
high-order LG mode. The averaged deviation [30, 32] is〈
∆λ
λ
〉
≈ 2(2p+ |l|+ 1) tan
−1 (Lu/2zR)
2piNu
, (7)
where p is zero in our consideration, and Lu denotes the
undulator length. In the case of resonant deviation, ν is
given by ν = ν0 + 2(|l|+ 1) tan−1 (Lu/2zR). In this case,
the shape of the gain profile is identical, while the gain
profile of the individual LG modes is scaled by the filling
factor and is shifted by an amount equal to the difference
in the resonant wavelength, as shown in Fig. 2 (b).
A characteristic of the XFELO that its relative spectral
bandwidth is only 1× 10−6. This is because the XFELO
mirrors act as high-resolution filters to identical degrees
across the spectrum. Thus, the use of a crystal mirror can
confer the ability to precisely select the XFELO working
wavelength regime. As shown in Fig. 2, the appropriate
selection of the wavelength regime can maximize the gain
of the LG mode with l = 1, thereby amplifying the OAM
beams in the XFELO with stability and purity. In other
words, the Bragg crystal can act as both a mirror and
”mode selector”. Consequently, it is possible to select
the mode by simply controlling the resonant wavelength
deviation.
We performed numerical simulations of OAM beam
generation in an XFELO with the proposed scheme
based on the parameters applied in the Shanghai
High-Repetition-Rate XFEL and Extreme Light Facil-
ity (SHINE), which is the first hard X-ray FEL facility
in China (currently under construction) [33, 34]. Here,
we note that a continuous wave (CW) superconducting
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FIG. 3. Power growth for l = 1 mode. The transverse inten-
sity profiles for the round trips of 150, 200, 300, and 1000 are
shown. The evolution of the intensity profile into a doughnut-
like one can be clearly observed.
linac at SHINE can deliver 8 GeV electron bunches with
ultra-low 0.4 µm rad normalized emittance at a 1 MHz
repetition rate; these settings are suitable for XFELO
operation. Additionally, the electron bunch with a to-
tal charge of 100 pC is compressed to a peak current of
0.5 kA. The resonant X-ray photon energy is set to ap-
proximately 14.3 keV, which is equal to the Bragg energy
of sapphire crystal mirrors at normal incidence to the (0 0
0 30) atomic planes. A typical FODO lattice is employed
to control the electron beam size. In the study, three-
dimensional simulations were carried out by using a com-
bination of GENESIS [35], OPC [36] and BRIGHT [37].
In addition, four undulator segments were used to pro-
vide sufficient gain. In the simulation, the resonant wave-
length deviation ∆λ/λ was 0.11%, which is preferable for
the OAM mode with l = 1.
The simulation results are shown in Fig. 3 and Fig. 4.
Fig. 3 shows the pulse energy as a function of the num-
ber of round trips and the evolution of the transverse
mode. The saturation power reaches 150 µJ, approach-
ing the level of Gaussian mode operation. In the short
period ranging from 150 to 400 round trips, mode com-
petition or mode completion is observed to occur because
the transverse mode during exponential gain is an asym-
metric mixture, as can be observed in the subplot (150)
of Fig. 3. This mixture is unstable as it cannot reach
the maxima of the filling factor. As a consequence, a
short time period is required for completing the sym-
metric doughnut-like transverse intensity profile and the
helical phase. The outcome is robust because the system
must reach a stable state determined by the gain that is
tuned for the mode with l = 1.
At saturation, the characteristic hollow profile and he-
lical phase can be observed in Fig. 4. It is obvious from
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FIG. 4. Transverse intensities (a), corresponding phase distri-
bution (b), longitudinal power profile (c) and its correspond-
ing spectrum (d). The transverse profile of the light reveals a
dominant OAM mode of l = 1 at saturation. A peak power of
500 MW with a full-width at half-maximum (FWHM) spec-
tral width of 11 meV can be observed.
the phase distribution that the dominant mode is the
l = 1, p = 0 LG mode. The intensity of modes l 6= 1 is
negligible. The longitudinal power profile and the spec-
trum are shown in Fig. 4. While the total power increases
up to 150 µJ, the peak power exceeds 500 MW with the
FWHM spectrum width of 11 meV. These results regard-
ing the generation of the l = 1 OAM mode at the fun-
damental frequency of the XFELO suggest that resonant
deviation in an XFELO can be partly used to control the
transverse mode.
However, the most difficult challenge is the generation
of higher-order transverse modes with purity in satura-
tion. The key to select the OAM mode is the deviation
in the resonant condition for each transverse mode ow-
ing to the Gouy phase. In this case, the HG modes can
also be amplified, because they provide a similar Gouy
phase, which is given by (m + n + 1) tan−1 z/zR where
integers m,n indicate the mode [4]. When l is deter-
mined, a specific set of HG modes is amplified, for e.g.,
l = 2 for HG02, HG20, and HG11. Thus, a mixed mode
may be observed because this can yield a larger filling
factor. This effect is trivial in the mode with |l| = 1, for
its filling factor is larger than those of all the mixed high-
order modes. Nevertheless, this effect can be a problem
for the |l| > 1 modes. This is largely because the zero
central intensities increase with |l|, and the mixture of
HG and LG modes can yield the maximum coupling ef-
ficiency leading to maximum gain. As a result, when
a resonant deviation is selected to amplify the |l| > 1
modes, the system will evolve to a state characterized by
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FIG. 5. Transverse profile (a) and transverse phase distribu-
tion (b) when the resonant deviation is selected to amplify
the l = 2 mode. The corresponding ∆λ/λ is 0.143%
a complex transverse mode mixed with higher HG and
LG modes, as can be observed in Fig. 5. Thus, the mixed
mode at saturation is difficult to predict. Therefore, the
approach to increase the mode purity is to use a crys-
tal mirror with a hole. The hole can increase the cavity
loss of unwanted modes and subsequently suppress the
amplification of these modes. Additionally, the hole can
be replaced by an unpolished area over the surface or a
defect in the crystal.
In conclusion, we proposed the OAM operation of an
XFELO without the need for external optical elements.
We applied a theoretical analysis based on the mode–
electron coupling factor and Gouy phase shift to describe
the gain profile evolution. In the proposed method, the
Bragg crystal serves not only as a reflector but also as
a ”mode selector” both in the longitudinal and trans-
verse modes, which enables the specified resonance de-
viation that maximizes the single-pass gain of the high-
order OAM mode of interest. This allows the amplifica-
tion and saturation of OAM beams in the typical XFELO
configuration. The feasibility of the proposed design was
verified through three-dimensional numerical simulations
based on the SHINE parameters. The typical results for
the two-mirror-symmetry cavity indicated that the OAM
operation of an XFELO can generate 150 µJ pulses in
the l = 1 mode. Without the need for any additional
elements, the proposed method demonstrates the sim-
plest approach to generate the |l| = 1 OAM mode in an
XFELO. The limitation of this method is the difficulty
to generate the |l| > 1 OAM modes without optical spa-
tial filtering. We believe that our approach can promote
future applications of X-ray free-electron lasers.
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